Abstract. By using bifurcation theory, we investigate the local asymptotical stability of non-negative steady states for a coupled dynamic system of ordinary differential equations and partial differential equations. The system models the interaction of pelagic algae, benthic algae and one essential nutrient in an oligotrophic shallow aquatic ecosystem with ample supply of light. The asymptotic profile of positive steady states when the diffusion coefficients are sufficiently small or large are also obtained.
1. Introduction. In this paper, we consider the following coupled system of two ordinary differential equations and two parabolic partial differential equations:
which was proposed and analyzed in [33] . Here all the variables and parameters of the model (1) and their biological significance are listed in Table 1 , and we assume that s ∈ R, β u , β v ∈ [0, 1] and the remaining parameters are all positive constants. Model (1) characterizes the interactions of pelagic algae, benthic algae and one essential nutrient in an oligotrophic shallow aquatic ecosystem with ample supply of light (see Fig.1 of [33] ). In view of practical biological facts in model (1), we have three basic assumptions: (i) L 2 L 1 ; (ii) the benthic habitat closely contacts with the sediment and dissolved nutrients in the benthic habitat are well mixed and homogeneous in space; (iii) benthic algae move very slowly or are motionless, so they are spatially uniformly distributed. There is accumulating evidence suggesting that the distributions of pelagic algae in aquatic ecosystems exhibit strong spatial heterogeneity [3, 4, 12, 13, 15, 30] . In [33] , the model (1) is established to consider the effect of spatial heterogeneity on the interactions of pelagic algae, benthic algae and one essential nutrient. The existence, uniqueness and classification of non-negative steady states are obtained in [33] to characterize sharp threshold conditions for the regime shift from extinction to coexistence of pelagic and benthic algaes.
The present paper is a continuation of studies in [33] , and here we provide the answer to the following two questions:
1. the local asymptotic stability of non-negative steady states in model (1) by applying bifurcation theory and associated linear stability theory; 2. the asymptotic profile of positive steady states when the diffusion coefficients D u , D r are sufficiently small or large in model (1) . It has long been recognized that pelagic algae and benthic algae are both potentially important primary producers in the aquatic ecosystem. As a good indicator of water quality and climate change, pelagic algae generally drift in the water column of lakes and oceans ecosystem, and compete with each other for essential resources such as nutrition and light [3, 4, 12, 30, 31, 32] . It should be noted that the types of pelagic algae competing major resources are not the same in different aquatic environments. In an eutrophic aquatic environment, pelagic algae tend to compete only for light [5, 6, 7, 9, 11, 16, 18, 21] , while in a shallow or oligotrophic aquatic
where F : R × X → Y is a nonlinear mapping and sufficiently smooth. For a given (λ 0 , u 0 ) ∈ R × X, let U be a neighborhood of (λ 0 , u 0 ) in R × X. The following bifurcation theorems are well-known, and we recall them for the convenience of readers. The first result is the local bifurcation theory known as "bifurcation from simple eigenvalue", and the second result shows the stability of bifurcating solutions obtained in the first one.
Then the solution set of F (λ, u) = 0 near (λ 0 , u 0 ) consists precisely of the curves u = u 0 and Γ : {(λ(s), u(s)) : s ∈ I := (−ε, ε)}. Here λ : I → R, z : I → Z are both continuously differentiable functions such that u(s) = u 0 + sw 0 + sz(s), λ(0) = λ 0 , z(0) = 0, and
where l ∈ Y * (dual space of Y ) satisfies R(F u (λ 0 , u 0 )) = {φ ∈ Y : l, φ = 0} and Z is the complement of span{w 0 } in X. Theorem 2.2 (Corollary 1.13 and Theorem 1.16 in [2] ). If (a 1 )-(a 3 ) hold and {(λ(t), u(t))} is the corresponding solution curve Γ in Theorem 2.1, then there exist
where γ(λ 0 ) = µ(0) = 0, z(λ 0 ) = w(0) = w 0 . Moreover, near τ = 0 the functions µ(τ ) and −τ λ (τ )γ (λ 0 ) have the same zeros and, when µ(τ ) = 0, the same sign, or more precisely,
Next we recall the following global bifurcation results under essentially same conditions as the above local bifurcation theorem, and more results of its application can be found in [28, 29] . Theorem 2.3 (Theorem 4.3 in [23] ). If (a 1 )-(a 3 ) hold and F u (λ, u) is a Fredholm operator for all (λ, u) ∈ U , then the curve Γ is contained in C, which is a connected component ofS where S = {(λ, u) ∈ U : F (λ, u) = 0, u = u 0 }; and either C is not compact in U , or C contains a point (λ * , u 0 ) with λ * = λ 0 .
Let Γ be defined as in Theorem 2.1 and C be defined as in Theorem 2.3. We define Γ + = {(λ(s), u(s)) : s ∈ (0, ε)}, Γ − = {(λ(s), u(s)) : s ∈ (−ε, 0)} and C + (resp. C − ) as the connected component of C \ Γ − which contains Γ + (resp. the connected component of C \ Γ + which contains Γ − ).
Theorem 2.4 (Theorem 4.4 in [23] ). Assume that all conditions in Theorem 2.3 hold. If
and (λ, u) are both in U .
Then each of the sets C + and C − satisfies one of the following: (i) it is not compact; (ii) it contains a point (λ * , u 0 ) with λ * = λ 0 ; or (iii) it contains a point (λ, u 0 + z), where z = 0 and z ∈ Z.
3. Bifurcation analysis for the algae growth model. In this section, we investigate the local asymptotical stability of the non-negative steady state solutions of model (1) by using bifurcation method.
We first recall the following possible non-negative steady state solutions of model (1) . Let E 1 = (0, 0, R 1 , W 1 ) be the nutrient-only semi-trivial steady state, where
In fact, by (2), we have E 1 = (0, 0, W sed , W sed ). Let E 2 = (0, V 2 , R 2 , W 2 ) be the benthic algae-nutrient semi-trivial steady state, where (V 2 , R 2 , W 2 ) satisfies
By solving (3), we find 
From (4), we obtain
Proposition 3.1 in [33] shows that a coexistence steady state can only exist when 0 < m u ≤ r u and 0 < m v ≤ r v . By solving (5), we have
From Lemma 3.10 in [33] , we have 0
The local asymptotically stability results of E 1 and E 2 have been established in [33] (see Theorems 3.2 and 3.4). The existence of E 3 and E 4 were proved in [33] by using a priori estimates and degree theory, and it is also known that each of E 3 and E 4 is unique and non-degenerate (see Theorems 3.8 and 3.11 in [33] ). We now are concerned with the local asymptotical stability of E 3 and E 4 with the help of bifurcation analysis. In the following discussion, taking m u as the bifurcation parameter, we explore the following two cases:
3.1. E 3 bifurcating from E 1 at m u = m * u . In this subsection, we consider the bifurcation of pelagic algae-nutrient semi-trivial steady state E 3 from nutrient-only semi-trivial steady state E 1 at m u = m * u . We first investigate the local bifurcation theorem and local asymptotical stability of E 3 . For the convenience of the following discussion, we denote
and 
asymptotically stable with respect to the following reduced equation without benthic algae:
is locally asymptotically stable with respect to the full system (1) for τ ∈ (0, δ).
The result in part 2 here shows that the bifurcating pelagic-algae-only steady state solution E 3 is locally asymptotically stable in the absence of initial benthic algae (in such case, the system (1) is effectively reduced to (11) . On the other hand, if initially there is benthic algae but the death rate of the benthic algae m v is large, then part 3 shows that the bifurcating pelagic-algae-only steady state solution E 3 is locally asymptotically stable with respect to the full system. We prove part 1 and 2 of Theorem 3.1 here, and postpone the proof of part 3 to subsection 3.2.
Proof of Theorem 3.1 part 1 and 2. Let
Denote X := X 1 ×X 2 ×R, and define a nonlinear mapping F :
(12) It is clear that F (m u , 0, W sed , W sed ) = 0 which implies that the assumption (a 1 ) holds in Theorem 2.1.
We now prove that (a 2 ) holds in Theorem 2.1. It follows from Theorem 3.8 in [33] that (4) has a semi-trivial steady state E 3 under the assumption (10). We linearize the system (12) about a steady state (Ū (z),R(z),W ) and obtain
and then, at (m u ,Ū (z),R(z),W ) = (m * u , 0, W sed , W sed ), by simple calculations we get
Denote
By (15), we get easily that Φ(z) = e (s/Du)z . Substituting Φ(z) into (16), we obtain the expression of Ψ(z) in (8) . Combining the boundary condition D r Ψ (L 1 ) + ab/(a + b)Ψ(L 1 ) = 0, which follows from (17) and (18), we can uniquely identify the constant c 1 as (7). Substituting Ψ(z) into (17),
We next consider the codimension of R(L).
T , that is
Multiplying both sides of (15) and (19) by ϕ(z) and Φ(z), respectively, subtracting and integrating on [0, L 1 ], also combining the boundary conditions in (15) and (19), we have
This shows that
and codimR(L) = 1. From (13), we have
. This implies that the assumption (a 3 ) holds in Theorem 2.1.
By applying Theorem 2.1, we conclude that there exists an open interval I = (0, δ) with δ > 0 and C 1 functions m u : I → R, g i (·, z) : I → Z(i = 1, 2), and g 3 : I → Z, where Z is any complement of span{(Φ(z), Ψ(z), Θ)}, such that the solution set of (4) near (m * u , 0, W sed , W sed ) consists precisely of the curveŝ
where (10) and (7), we have h < 0, and from the fact that Ψ(z) is nondecreasing in z (since Ψ (z) =
According to (23), we get m u (0) < 0. This completes the proof of part 1.
Now we consider the stability of bifurcating solutions. In view of Theorem 2.2, there exist continuously differentiable functions
From (13), we have γ(m u ) = m * u − m u , and γ (m u ) = −1. Moreover γ(m * u ) = 0 is the principal eigenvalue of F (U,R,W ) (m u , 0, W sed , W sed ). Hence the perturbed eigenvalue µ(τ ) is also the principal eigenvalue of
Now from Theorem 2.2 and m u (0) < 0, we find µ(τ ) < 0 for τ > 0 small. Hence (m u (τ ), U (τ, z), R(τ, z), W (τ )) is locally asymptotically stable with respect to the system (11) . This completes the proof of part 2.
Remark 3.1. In Theorem 3.1, we assume that 0 ≤ β u < 1. This is because that if β u = 1, then (4) reduces to
This means that pelagic algae and dissolved nutrients in the pelagic habitat constitute a closed system with internal continuous cycle in ecology. In this case, authors in [33] showed that lim
by numerical method. Considering practical biological significance, here we assume that 0 ≤ β u < 1.
Next we prove the global bifurcation property of the branchΓ E3 . First we have the following a priori estimates for positive solutions (U 3 , R 3 , W 3 ) of (4).
From part (i) and (26), we obtain that
On the other hand, integrating the second equation of (4) on [0,
which contradicts with (26)- (27) and R n 3 is strictly increasing on [0, L 1 ] showed in Lemma 3.6 of [33] . Therefore U mu 3 ∞ → ∞ as m u → 0. Now we state the global bifurcation theorem of the steady state solution E 3 . Theorem 3.3. Let S + be the set of positive solutions to (4). Then S + is a smooth curve in R + × X in form
satisfying lim
Proof. From Theorem 3.3 and Remark 3.4 of [23] , it is easy to check that for any fixed (Ũ (z),R(z),W ) ∈ X ,
is a Fredholm operator with index zero. By applying Theorem 2.3, we obtain a connected component C of the set S of all solutions to (4) emanating from 
where Φ(z), Ψ(z), Θ are given in Theorem 3.1.
We only consider C + . From the strong maximum principle and connectedness of C + , all solutions (U (z), R(z), W ) of (4) on C + satisfies U (z) > 0, R(z) < W sed and W < W sed from Lemma 3.2.
If case (2) 
and (16)- (18) 
, and g i (τ, ·)(i = 1, 2), g 3 (τ ) are given as in Theorem 3.1. But U (τ, z) is always sign-changing as Φ(z) is sign-changing. This contradicts with the assumption that any solution in C + is positive. Hence case (2) cannot happen.
If case (3) holds, then there existsm u ∈ (0, m * u ), such that (Ũ (z), W sed + R(z), W sed +W ) is positive and it satisfies F (m u ,Ũ (z), W sed +R(z), W sed +W ) = 0. From Lemma 3.2, we have W sed +R(z) < W sed , W sed +W < W sed andŨ (z) > 0. ThusŨ (z) > 0,R(z) < 0 andW < 0 and it implies that
since Φ(z) > 0, Ψ(z) < 0 and Θ < 0 from the proof of Theorem 3.1. But (30) contradicts with (29) , which implies that case (3) cannot happen either. Hence case (1) must occur for C + . According to case (1), C + is not compact in X , which implies that it is unbounded in X by the elliptic regularity theory. By Lemma 3.2, if m u ∈ [ε, m * u ) for any ε > 0, then (U (z), R(z), W ) is bounded. And also when m u = 0, (4) has no positive solution. Thus, the projection of C + on the m u -axis must be the interval (0, m * u ), and as shown in Lemma 3.2, ||U || ∞ → ∞ as m u → 0 + . Now from Theorem 3.8 of [33] , the positive solution of (4) is indeed unique and non-degenerate. Therefore C + must be a smooth curve in form of (28) from the implicit function theorem, and S + = C + .
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Theorem 3.3 shows the continuous increase of the pelagic algae from 0 at m u = m * u to ∞ as m u = 0, and the stability proved in Theorem 3.1 shows that this steady state E 3 is locally asymptotically stable near m u = m * u for the dynamics of (11) and the dynamics of (1) if m v is large. The stability of E 3 for m u not near the bifurcation point is still not known.
3.2. E 4 bifurcating from E 2 at m u = m * * u . In this subsection, we still use m u as a bifurcation parameter, and consider the bifurcation of positive solution E 4 from the branch of semi-trivial solutions
Theorem 3.4. Assume that
Then there is a smooth curve Γ E4 of positive solutions of (5) bifurcating from the line of trivial solutions {(m u , 0, V 2 , R 2 , W 2 )} at m u = m * * u such that 1. near (m * * u , 0, V 2 , R 2 , W 2 ), there exists δ > 0 such that all the positive solutions of (5) lie on a smooth curvê
, and m u (τ ), h i (τ, ·)(i = 1, 2, 3), h 4 (τ ) are smooth functions defined for τ ∈ (0, δ) such that m u (0) = m * * u , m u (0) < 0, h i (0, ·) = 0(i = 1, 2, 3) and h 4 (0) = 0; 2. for τ ∈ (0, δ), the bifurcating solution (m u (τ ), U (τ, z), V (τ ), R(τ, z), W (τ )) is locally asymptotically stable with respect to (1).
Proof. Define a nonlinear mapping G :
By virtue of Theorem 3.11 in [33] , (5) 
and by calculations, at (
We now prove that the conditions of Theorem 2.1 hold. First we have
Using the similar methods in Theorem 3.1, we haveΦ(z) = e (s/Du)z . From (38) and (41), we obtainΘ = 0 and D rΨ (L 1 ) + aΨ(L 1 ) = 0. Combining the equation (39),Ψ can be uniquely solved as (32) and (31) . And thus, it follows from (40) and (32) 
Hence dim N (L) = 1 and N (L) = span{(Φ(z),Υ,Ψ(z),Θ)}. Carrying out our similar arguments as those in Theorem 3.1, we have
and codimR(L) = 1. From (35), we have
. Therefore all the conditions of Theorem 2.1 hold.
From Theorem 2.1, we conclude that the solution set of (5) near (m * * u , 0, V 2 , R 2 (z), W 2 ) consists precisely of the curveŝ 
It follows from (35) that γ(m u ) = m * * u − m u and it is easy to see that γ (m u ) = −1. Moreover γ(m * * u ) = 0 is the principal eigenvalue of G (U,V,R,W ) (m u , 0, V 2 , R 2 (z), W 2 ), hence the perturbed eigenvalue µ(τ ) is also the eigenvalue of
Together with m u (0) < 0, we have µ(τ ) < 0 for sufficiently small τ > 0, and so the bifurcating solution (m u (τ ), U (τ, z), V (τ ), R(τ, z), W (τ )) is locally asymptotically stable with respect to (1) . This completes the proof of part 2.
It follows from Lemma 3.10 in [33] and similar arguments in Lemma 3.2, we obtain the following a priori estimates for positive solutions (U 4 , V 4 , R 4 , W 4 ) of (5).
(ii) for any ε > 0, there exists a positive constant B(ε) such that
By applying Lemma 3.5 and similar arguments as in Theorem 3.3, we have the following conclusion. Theorem 3.6. LetS + be the set of positive solutions to (5). ThenS + is a smooth curve in R + × X in form
and lim
We now prove the part 3 of Theorem 3.1 by using the setting in the proof of Theorem 3.4.
Proof of Theorem 3.1 part 3. We assume that m v > r v W sed /(W sed + γ v ). Now similar to the proof of Theorem 3.4 part 2, the stability of the bifurcating solution
, W 3 (τ )) can be determined by the linearized eigenvalue problems:
Since (15)- (18) . Now following the same argument as in proof of the Theorem 3.1 part 2, we conclude thatμ(τ ) < 0 which implies the local asymptotic stability of E 3 (τ ).
and
Adding (50) and (51) together, we get
When considering the steady state solutions, (52) implies that W = W sed , and thus by (50), we know R(L 1 ) = W . By adding the equations and the boundary conditions of U and R in (5), we have
and so
It follows from Lemma 3.6 in [33] that
This and (54) imply that
In addition, integrating the first equation in (5), we have
By 0 < m u < ruW sed W sed +γu and (55), we have U (z) ≡ 0, and then we see V = 0 from (5). We show that when β u = β v = 1, then the only equilibrium is (0, 0, W sed , W sed ) which is E 1 .
4. Asymptotic behavior of positive steady states. This section focuses on the limiting profiles of positive solutions of (5) when the diffusion coefficients are sufficiently small and large, respectively.
Let
It follows from Theorem 3.11 in [33] that if (33) holds, then (5) has a unique positive coexistence steady state
which satisfies the following system
In the rest of this section, we always assume that the conditions (33) holds.
4.1.
Small diffusion case when s > 0. In this subsection, we always assume that
Then (57) can be reformulated as 
In the remaining part of this subsection, we always assume that 0 < D < D 0 . LetŨ
By means of the similar methods of proof as Lemmas 3.2-3.4 in [17] , we obtain Theorem 4.2. The following conclusions hold: Proof. Assume that there exists a sequence of D, denoted by D n , such that D n → 0 and τ n := τ Dn → ∞. LetÛ n :=Û Dn , R n := R Dn . From (59), we getÛ n (z) = U n (z)/τ n and
It follows from Lemma 3.5 that
By Theorem 4.2, we have lim 
Proof. From Lemmas 4.2 and 4.3, we have
By Lemma 3.10 in [33] , we note that R D (z) is strictly increasing on [0, L 1 ] and 
where the last equality follows from the Lebesgue dominated convergence theorem. This completes the proof.
4.2.
Small diffusion case when s < 0. In this subsection we always assume that s < 0, and we still consider the system (56) with the positive coexistence steady In the following, we always assume that 0 < D < D 0 . Let
Carrying out similar arguments as Lemma 3.11-3.13 in [17] , we obtain Theorem 4.6. The following conclusions hold: 
Now we have the following result on the asymptomatic behavior of the coexistence state as D → 0 when s < 0. 
LetÛ D =Ũ D / Ũ D ∞ . Then, from (62) we get 
